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Abstract 

We investigate the (generalized) Walsh decomposition of point-to- 
point effective resistances on countable random electric networks with i.i.d 
resistances. We show that it is concentrated on low levels, and thus point- 
to-point effective resistances are uniformly stable to noise. For graphs 
that satisfy some homogeneity property, we show in addition that it is 
concentrated on sets of small diameter. As a consequence, we compute 
the right order of the variance and prove a central limit theorem for the 
effective resistance through the discrete torus of side n in Z d , when n goes 
to infinity. 

Keywords: Effective resistance, conductance, noise sensitivity, stability, Efron-Stein 
inequality and decomposition, generalized Walsh decomposition, central limit theorem, 
stochastic homogenization. 

1 Introduction 

Consider a piece of conductive material whose resistivity possesses some mi- 
croscopic disorder. One way to account for this disorder is to suppose that the 
material is an electric network made of tiny random resistances. Once this model 
is assumed, one typically wants to understand the behaviour of the macroscopic 
resistivity of the material. To make the picture more accurate, imagine that each 
edge of the lattice Z d is equipped with a resistance r(e) belonging to some inter- 
val [1, A] (we shall not precise any resistance unit). Suppose in addition that all 
resistances are random, independently and identically distributed. Our macro- 
scopic piece of material is now the box B n — {0, . . . , n} d , two sides of which we 
distinguish: A n = {x 6 B n s.t. x\ = 0} and Z n = {x € B n s.t. x\ = n}. The 
effective resistance of the box B n is then defined as: 



7^=inf r{e)6 2 {e) , 



e£E„ 

where the sum is over the set E„ of the edges inside B n and the infimum is 
taken over all unit flows on E„ from A n to Z n (all the precise definitions are 
postponed until section [5]). In the litterature, the effective conductivity is more 
often the main character. It is simply the inverse of the effective resistance and 
can also be defined as: 



C n =inf V c(e)(dv(e)) 2 

D Z * 



e£E„ 



1 



where the infimum is over all functions v on B n having value on A n and 1 on 
Z n , c(e) = l/r(e) is the conductance of edge e, and dv(e) := u(e_) — f(e+) is 
the difference of v along edge e. The unique minimizer in the definition of C n 
is the function having value on A n and 1 on Z n being discrete harmonic on 
B n \ {A n ,Z n }. It is worth mentioning that the setting above is also relevant 
to describe the pressure field of a fluid through a weakly porous medium when 
the circulation of the fluid can be modelled with Poiseuille's law. The central 
problem is now to understand the asymptotic probabilistic behaviour of lZ n (or, 
equivalently, of C n ) as n goes to infinity. 

The first step in this direction was accomplished in the setting of stochastic 
homogenization theory (cf. [14], chapter 7). It is shown in [16] ■ section 3, that 
a law of large numbers holds (see also [22], [T7] and [I] for related results). 
Namely, there is some positive constant /i such that: 

1 ~ a.s . r i a.s 1 

— -r^C n > n i.e n a z Tl n > - . 

Tl n— >oo n— >oo {J, 

To understand the scaling, notice that the function Vhom ■ x i— > x\/n gives an 
upperbound of order n d ~ 2 on the value of C n , and the Nash- Williams inequality, 
a standard result in the theory of electrical networks cf. [18 , shows that this 
order is the right one. 

A second step is to understand the fluctuations of C n and lZ n . If the optimal 
function in the definition of C n was «h om , then C„ would merely be a sum of 
Q(n d ) i.i.d random variables, each of variance 0(n -4 ). The variance of C n would 
thus be of order <d(n d ~ 4 ), and that of lZ n of order 0(n 4_3d ). A lower bound of 
this order was given by Wehr, cf. [23], under some technical assumptions (see 
also section 13.21 below) . More recently, an upper bound of the same order was 
obtained by [T2J for a different, but closely related quantity. We shall present 
in more details the work of Gloria and Otto at the end of this introduction. 

The main purpose of the present paper is to derive the right order of the 
variances of C n and lZ n and in addition to make a step further in the under- 
standing of their fluctuations by deriving gaussian central limit theorems for 
these quantities. However, for technical reasons we shall only be able to do this 
in a translation invariant setting, namely for the effective resistance through the 
torus, cf. Theorem 15.21 This is the main result of the paper. Our approach 
to obtain this result is however quite general and not restricted to graphs like 
Z d . Indeed, we shall study in section [3] the generalized Walsh decomposition of 
point-to-point effective resistance on general infinite networks. This decompo- 
sition, sometimes called the Efron-Stein decomposition, is an extension of the 
Fourier- Walsh decomposition on the discrete cube and is related to a notion of 
noise sensitivity introduced in [2] . From now on we shall drop the term "gener- 
alized" for simplicity. The Walsh decomposition of a square integrable function 
/ of the resistances reads: 

/ = 

s 

where the sum runs over all finite subsets of the set of edges, fs is a function 
of (r(e)) ee s for any S and fs is orthogonal to fs> as soon as S 7^ S' . Our first 
result, Theorem 13.51 states that the Walsh decomposition of the effective resis- 
tance is always concentrated on low levels, i.e on sets of bounded cardinality. 
It implies that effective resistances are always uniformly stable to noise in the 
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sense of [2J, cf. Corollary 13.61 and also that the famous Efron-Stein inequality 
is always sharp for estimating the variance of the effective resistance, cf. Corol- 
lary 13.71 Then, we shall improve this result on a class of graphs which possess 
some homogeneity property. These graphs, that we shall qualify as having ho- 
mogeneous currents contain all quasi-transitive graphs, cf. Corollary 13. 101 On 
those graphs we shall show that the Walsh decomposition is concentrated on 
sets of small diameter. This is the key to obtain a central limit theorem since 
the sets of resistances with bounded diameter exhibit only local dependence, cf. 
section |U 

In section [5j we shall adapt this general approach to the effective resistance 
through the discrete torus, deriving the optimal variance estimate and the gaus- 
sian central limit theorem already mentioned. 

We end this introduction by giving more details on the work |12j . and 
comparing our results to theirs. Their work is close to the homogenization 
theory framework. Consider the discrete elliptic differential operator d*(cd(.)) 
corresponding to random, translation invariant and ergodic conductances c = 
(c(e)) egE d on Z d . Precise definitions of d* and d are given in section HOI but let 
us just mention that it gives, for a function v on Z d : 

d*(cdv)(x) = 22 c(x,y)(v(x) - v(y)) . 

yr^x 

Then, using the words of [12] , homogenization theory (namely |17j ) shows that 
there exists a constant matrix A such that the solution operator of -=-(AV(.)) 
describes the large scale behaviour of the solutions operator of d*(cd(.)). Fur- 
thermore, A can be characterized by the so called corrector: for any £ in R d , 
there exists a unique function <f>^ on Z rf (which is a function also of the con- 
ductances) such that V(/>£ is stationnary, (j)^(0) — 0, E(V^) = and such that 
<?£ : x i— > £,.x + (j)^(x) is discrete harmonic for d*(cd(.)) on Z d . Then, A is 
characterized by: 

When the conductances are i.i.d, A equals /i times the identity matrix, and the 
constant fi is the same as in the law of large numbers of C n stated above. We 
shall fix £ = (1, 0, . . . , 0) in the sequel. When one is interested in computing fi, 
Gloria and Otto remark that the preceding characterization is useless. Thus, 
one has to find a way to efficiently estimate /i. The quantity C n /n d ~ 2 is therefore 
a reasonable estimator for /it, and this is where the knowledge of its variance, 
and even of a central limit theorem, may be useful. As Gloria and Otto remark 
for (a quantity very similar to) C n is that it lacks stationnarity, which is "a 
handicap for error analysis" . Next they introduce a stationary approximation 
of the voltage, namely 4>t solving: 

^ t + cT(c(£ + #t)) =0in 7L d . 

Let t]l be an averaging cutoff function with support in (0, n) d (and some extra 
regularity condition). When T is large with respect ro n, they show that the 
quantity: 

A n := c{e){£,+d<j) T )(e) 2 r ln (e) , 

eGE d 
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is a good proxy for n 2 ~ d C n , and furthermore, they show that the variance of A n 
is of order at most n~ d , with some extra poly logarithmic factor in T for d = 2. 
This order coincides with the variance order conjectured above for n 2 ~ C n . 

What we shall obtain in Theorem 15.21 is an optimal variance estimate and 
a central limit theorem for the effective conductance on the discrete torus of 
length n when n goes to infinity. To compare our results to those obtained 
by Gloria and Otto, we shall say that the precise quantity that we analyse is 
practically computable and stationary. Furthermore, in some sense, the discrete 
tori converge to Z d better than the discrete cubes since they avoid boundary 
effects. Thus, the effective conductance on the torus may be a better estimator of 
H, even if I do not prove in the present paper that it converges (once normalized) 
to ji. This was not the goal of my paper and will be the purpose of a future 
work. Secondly, our method works the same way whether d = 2 or not, and 
this is an advantage over Gloria and Otto's result, which makes a distinction 
between the two. Finally, the fact that we obtain a central limit theorem is 
really a step further compared to [12] which only obtain variance estimates. On 
the other side, Gloria and Otto obtain other interesting results, that we do not 
get by our method, notably concerning the integrability of the corrector itself 
(Proposition 2.1 in [H]). 



2 Preliminaries 

2.1 Effective resistance and minimal current 

An excellent reference for background on electric networks is the book [15] . 
chapters 2 and 9 and we shall try to stick to its notations. 

In the sequel, G = (V, E) will be a countable, oriented, symmetric and con- 
nected graph. Symmetric means that E is a symmetric subset of V 2 , i.e each 
edge of G occurs with both orientations in E, and countable means here that 
both V and E are countable. When e € E, we let e_ denote the tail of e and e+ 
its head, we denote by —e := (e+,e_) the edge e with reversed direction and 
let Ex/a be a subset of E such that for every edge e, exactly one of e and — e 
belongs to Ex/2- 

For every collection r 6 (M^_) El / 2 , one may define the electric network (G, r): 
it must be understood as a resistive network, where each edge e is a resistor 
with resistance r(e). We shall sometimes use the notation c(e) to denote the 
conductance of edge e, that is c(e) = l/r(e). We define the coboundary operator 
d from M v to R E by: 

dv(e) = u(e_) — v(e + ) , 
and the boundary operator d* from M E to K v by: 

d*9(x) = ■ 

e_ —x 

For a fixed collection r, wc define t 2 _(E,r) as the Hilbert space of antisym- 
metric functions on the edges that have bounded energy: 

£ 2 _(E,r) = I 6 e K E s.t. 9 r(e)9 2 (e) < oo and Ve e E, 9(e) = -6{-e) \ , 

I e e E i/2 J 
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endowed with the scalar product: 

(9,9%= r(e)9(e)e'(e). 

eeEi/2 

The square of the norm in l 2 _(E,r) of some 9 will be denote by 

£ r (9) := J2 > 

eSEi/2 

it is called the energy of 9. In the sequel, we shall be interested in elliptic 
networks, i.e networks (G, r) for which there is a finite constant A > 1 such that 
r G [1, A] E . Of course, all the sets t 2 _(E,r) for r G [1, A] E are the same, and we 
shall define this common set as &L(E): 

£ 2 _(E) := I 9 G K E s.t. ^ 9 2 (e) < oo and Ve G E, 9(e) = -9(-e) 

{ eeE 1/2 

Let / be a non-negative real number, and u and v two vertices of G. A 
member 9 of l_(E, r) is called a flow of intensity I from u to v if: 

d*9 = I(l u -l v ) . 

This means 9 satisfies the node law on the network, except at u where a net 
flow of value I enters the network, and at v where a net flow of value I leaves 
the network. When 9 is a flow from « to », we say that 9 is a unit flow if its 
intensity is 1. We may now define the effective resistance between two points 
u and v on the network (G, r) as the minimal power dissipated by a unit flow 
between u and v: 

TZ u ' v (r) := inf i ^ r(e)9 2 (e) s.t. 9 £ £-(E,r) is a unit flow from u to v > . 

[eeE 1/2 J 

Since one minimizes a norm on a closed convex set, the infimum above is attained 
by a unique flow which has the additional property of being a current. It is 
called the minimal unit current from u to v, cf. Proposition 9.2 of |18) . We 
shall denote it by i^' v . The name current' refers to a flow satisfying Kirchhoff's 
laws as precised in the following definition. 

Definition 2.1 For any e G E, let \ e = l{ e } — -"-{-e} denote the unit flow along 
e. A current i G £_(E,r) from u to v is a flow from u to v which satisfies 
Kirchhoff's laws: 

• The node law: for every vertex x different from u and v, 

d*i(x) = . 



The cycle law: if e±, . . . , e n is an oriented cycle in G, then: 

(itx ek ,i) =o. 
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Currents from u to v of prescribed intensity may or may not be unique depending 
on the particular graph, see chapter 9 in |18j . On finite graphs however, it is well 
known that currents are unique (see for instance chapter 2 in |18j). In fact, the 
minimal current on an infinite graph may be obtained as the limit of currents on 
a sequence of finite graphs. Let us be more precise. Let (G n )„>o be a sequence 
of finite subgraphs of G that exhausts G, i.e such that G n C G n +i and such 
that G = (J G„. Denote by Gjf the network obtained from G by identifying all 
vertices outside G„ as a single vertex. Notice that one may identify the edges 
of G„ and G^ as subsets of E. A star is a member of fi_(E,r) of the form 
S e _=z c ( e )Xe for ieV. Let -fc (resp. ir n ) denote the closed subspace spanned 
by the stars in £t(E,r) (resp. by the stars of G^). A cycle is a member of 
£?_(E,r) of the form 5Z i=1 x ek with ei,...,e„ an oriented cycle in G. Let <) 
(resp. <)„) denote the closed subspace spanned by the cycles in ^_(E,r) (resp. 
by the cycles of G„). For a closed subspace V, denote by Py the projection 
on V in £^_(E,r). Then, for any finite path 7 from u to v, f*„7 is the unique 
current on between u and v and it converges in £?_(E, r) to i^' v = P+j, the 
minimal current on G from u to v. Also, P<^±j converges to i^ ,u,v — P^±j, the 
free current from iito i>. The free current i^ ,u ' v is another current, that may or 
may not be equal to i^' v (but has energy no smaller than i™' v of course). On Z d , 
for instance, it is known that those currents coincides, and this will be useful in 
section[5] See [TH], Propositions 9.1 and 9.2 and section 9.3 for the details. 

2.2 Partial derivatives of the effective resistance and the 
minimal current 

The functions r 1— > i™' v and r n- TZ u,v (r) are smooth functions, as the next 
lemma shows. In the sequel, d e f denotes the partial derivative with respect to 
r(e) of a function / on (M;) El /2. 

Lemma 2.2 The functions r > i™' v (e), for any edge e, and r <-> lZ u,v (r) admit 
partial derivatives of all order. In addition, for any vertices u, v, and edges e, 
ef, 

(1) Ve' f e, d e n^(e) = ^j^Z ( e ) = JL T^^') • 

r[e ) rye) 

r(e) 

(111) Ve, d e K u ' v (r) = (i u r v {e)f . 

Proof: Let us first suppose that G is finite. Then, it is well known that i^' v (e) 
and lZ w ' v (r) are rational functions of r with no positive pole. See for instance 
[5], Theorem 2 p. 46. The idea goes back to Kirchhoff (see [15] for an english 
translation of the original paper). The fact that d e lZ u ' v (r) = (i"'"(e)) 2 is also 
known, cf. for instance [T5], Exercise 2.69. One easy way to see it is as follows. 
Let r' be a collection of resistance differing from r only on edge e. Then, using 
the minimality of i"' v , 
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and thus: 

(r'(e) - r{e)){e r f{e)f < (K^(r>) - 7^») < (r'(e) - r( e ))K;») 2 . (1) 

Letting r'(e) go to r(e) shows that d e K u < v (r) = (i?< v (e)) 2 . 

To compute the partial derivatives of r H> i"'"(e), let us differentiate Kirch- 
hoff's laws of Definition l2.il with respect to r'(e). We obtain: 

VieV, d* [d e n?' v ] (x) = , 

and for every cycle 7 on G, 

£[r(e)d e <^e) + CVke'(e)] = 0. 

Thus, if one defines: 

i(e)=a e 4r(e) + ^Vxe'(e), 
r(e ) 

we get: 

Vz£{e'_,<}, d*j(z) = 0, 
and, for every cycle 7 on G, 

£>(e)j(e)=0. 

Thus, j is a current between e_ and e + . Furthermore, its intensity can be 
deduced from: 

d*j{e'_) = d* [d e nr\ (e_) + = . 

Thus, from the unicity of currents on finite graphs, one gets: 

_ irw) , 

r(e') 

Consequently, 

i u ' v (e') 1 
Ve' ^ e, (e) = J ^y^r («0 , 

and: 

Ve', fci?V) = ^i(e') = ^(i? (e') - 1) . 



Finally, for any e 7^ e', 

r(e') 



AU,V( p l\ 

%,JT' v (r) = dAW v (e)f = 2i«.*(e)^ 7 i T ii? (e) , 



But since dp te Tl u ' v (r) = d 2 e e ,K u > v (r), we obtain: 

i u ' v (e') 1 i u ' v (e) 
r(e') r(ej 
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Now, take (u, v) — e and (it, v) = e' and notice that i%(e) and i% (e') are always 
different from zero. We obtain: 



i«(e')i«'(e) K(e')) 2 



r(e') r(e) 

and 

^(e')^'(e) _ K'(e)) 2 



r(e) r(e') 

Thus, one deduces that i^( e ') = if and only if i e r (e) = and in any case, 

%%{e') _ ij{e) _ 
r(e) r(e') 



(2) 



This last relation is called the reciprocity law. See |18j . chapter 2 for another 
proof. This concludes the proof of the lemma on finite graphs. 

Now, let G be infinite, r belong to (R^J_) E and e, e' in E. As explained in 
section |2~T1 for any u and v, i™' v is the limit, in £ 2 (E,r) of a sequence i r . n of 
currents on finite graphs. Notably, i^' v (e) is the pointwise limit of i"'^(e). From 
the formulas of the derivatives on finite graphs, one sees that r(e') i— > «"'^(e) 
form an equicontinuous family of functions on any compact interval / of K.5_. 
It follows then from Ascoli's Theorem that the convergence of n( e ) to i"'"(e) 
is uniform when r(e') runs over /. Then, from the formulas of the derivative 
<9 e /«"'^(e) one sees that the derivative itself converges uniformly when r(e') runs 
over /. Then, r(e') H> i^' v (e) is differentiable on R?j_ and its derivative is the 
limit of the derivatives <9 e 'z"^(e). This shows the formulas for d e ii"'^(e). The 
last formula is then a consequence of ([T]), since the continuity of r(e) i-> i"'"(e) 
has been established. □ 



Remark 1 A similar formula was used in [21], Proposition 1 and in fJE/, 
Lemma 2.4- 

The formula satisfied by the partial derivatives of r i— > i^' v in Lemma 12.21 al- 
lows us to control i™' v after a finite number of modifications of the individual 
resistances. In the whole article, C(A) (resp. C(A,G)) will denote a constant, 
depending only on A (resp. on A and G), that may vary from time to time. 

Lemma 2.3 Let A > 1 be some constant, let r and r' belong to [1, A] E and for 
any subset S C E, define r s ^ r by: 

r s^r> {e)= f r'(e) if eeS 
^ r(e) else 

Then, 

(i) For any e€ E, if V '(e) < r(e), 

\ir(e)\<KlAe)\<^\ir(e)\ 
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(ii) There is a sequence of finite numbers (C n ) n >i, depending only on A, such 
that for any n, any finite subset S C E of size n, any r and r' in [1, A] E , 
any edge e £ S and any vertices u and v: 

(0^<(e)) 2 <^£(CV)) 2 • 

e'SS 

One may take C n — C(A) n . 



Proof: First, let us prove (i). Let e £ E and consider {r(e'),e' ^ e] fixed in 
(M!j_) E . To simplify notations, for x > 0, define: 

f(x) := v^^e) 

and 

g{x) := i e r ^{e) . 
Then one gets from Lemma \2. 2 1 

f'(x) = l^-(g(x)-l) 
x 

This is a homogeneous differential equation of order 1 on which implies that 
/ is of constant sign: either it is zero on Ml, or it is positive on or it is 
negative on R^_. Suppose that it is not identically zero and orient e so that / 
is positive. Notice that g(x) G]0, 1] for every x > 0. Then, /' is negative, which 
shows that for any xq < x%, 

f(xi) < f(x ) . 

But also, 

(-lnf)'(x)<- 
x 

and thus: 

/(so) < ~f(xi) , 
x 

This shows (i). It shows also that (ii) holds for sets 5* of size 1. 

Let us prove (ii) by recurrence on the size of the set S. Suppose that the 
lemma is true for sets of size not larger than n £ N* , and let e £ E and S 
be a finite subset of edges of size n + 1 containing e. Let e' be an edge of S 
different from e and write S = {e 1 } U S' with S' of size n, containing e and not 
e 1 . Consider {r(e"),e" ^ e'} fixed in (R^_) E . One gets from Lemma \2~7I\ 

i u ' v (e') * 
d e n^{e) = (e) 
r(e') 

Notice that |i® (e)| is not larger than one, and that from the result for sets of 
size 1, 

sup |^(e')|<A|CV)l- 

z6[l,A] 

Thus, if we define 
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we get: 

sup \h'(x)\ < A|CV)I 
xe[i,A] 

whence, for every r in [1, A] El / 2 and x in [1, A]: 

\^M\< + A 2 |CV)I- 

Thus: 

(C'-( e )) 2 ^ 2(C(e)) 2 + 2A 4 (ir(e')) 2 • (3) 
Replacing r by r s ^ r and a; by r'(e') gives: 

(zX„ (e)) 2 < 2(i^ p , (e)) 2 + 2A 4 (^ r , (e')) 2 . (4) 
But also, exchanging e and e! in @: 

(0«(e')) 2 < 2(CV)) 2 +2A 4 (C t '(e)) 2 . 
Replacing r by r s \{ e } < ~ r and x by r'(e) in the last inequality gives: 

(Ow (e')) 2 < 2(CAw^ ( e ')) 2 + 2A 4 ^ x{c} ^ r , (e)) 2 (5) 
Plugging (Q| into ([5]), one gets: 

(«;t,(e)) 2 < 2(OV,'(e)) 2 + 4A 4 (z^ xw _,(e')) 2 + 4A 8 ^ x{e} _, (e)) 2 . 
Then one may use the induction hypothesis on S' and 5" \ {e} U {e'} to obtain: 



Ve"eS' / 

i;^(e)) 2 <C n (^(C«(e'')f) 

\e"GS' / 



and 



Thus, 



{\s\ { ^Ae')f<C n Y, (W)) 2 

\e"6S'\{e}U{e'} 

(01. M) 2 < (2 + 4A 8 + 4A 4 )C„ f £ «^ (e")) 2 ) . 

\e"ES / 

This ends the induction step and shows that one may take C n = (2+4A 8 +4A 4 )™. 
□ 



2.3 The random setting 

For any e G Ex/2, we Me denote some probability measure on R*j_. The 
collection of resistances, r will be supposed to be random with distribution 

P := ® eeEl/2 Me- 

We shall always suppose that the resistances are square integrable. Most of 
the time, we shall in addition suppose that the network is elliptic in the sense 
that there is a constant A > 1 such that r € [1,A] E . Finally, we will use the 
notation: 

Ve e E, m p (e) = E[|r(e) - E(r(e))| p ] 1/p . 
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3 The Walsh decomposition 

3.1 Definition and basic properties 

For any e E E1/2 let A e be the following operator on L 2 (R. El /' 2 , P): 

A e /(r) = /(r) - / /(r) <fce(r(e)) . 

From now on, Sc E]y 2 will always mean that S is a finite subset of E]y 2 . For 
/ in i 2 (M El /2 ) P) and for any 5 C E 1/2 , define: 



II A e/( 7 



£(-l)I^E[/(r)|r r ], 



TcS 



where rs = (r(e)) e gg. Then, (fs)scE 1/2 is an orthogonal decomposition of / 
known as the Efron-Stein or the (generalized) Walsh decomposition (cf. [BJ, 
[llj . [T3] and [5U] for instance). The basic properties of this decomposition are 
gathered in the following proposition. 

Proposition 3.1 For any f and g in L 2 (R El / 2 ,¥), if S ^ S', E(f s gs') = 0. 
Furthermore, 

h = n.n , 



for any e E E 1/2; 



s 

A e f = J2fs 



S9e 



and 



£ \\A e f\\ 2 = J2\S\-\\fs\\l 

eGE 1/2 S 



The proofs of the results of this section are minor adaptations of well-known 
facts, so we gathered them in Appendix |XJ A trivial consequence of Proposi- 
tion [XT] is the famous Efron-Stein's inequality (cf. [11|1. 

Corollary 3.2 (Efron-Stein's inequality) For any f in L 2 (R El / 2 ,P) 

Var(/)< W A efW 2 - 

eSE 1/2 

It is also clear that the Efron-Stein inequality is an equality if and only if 
/ = ~^2\s\<i fs- This means that / is a constant plus a sum of independent 
random variables. One sees also that if the variance of / is concentrated on 
functions fg such that S is small, then the Efron-Stein inequality is essentially 
sharp. 

There is a number of models of statistical physics flavour where the Efron- 
Stein inequality is not sharp. Chatterjee (cf. [7]) calls this phenomenon "super- 
concentration". This holds for instance for the first passage percolation time 
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between two distant points on % d when d > 2 (cf. [U Q]), which may be defined 
in our setting as: 

T r (u,v) := inf VV(e) > 

where the infimum is over all paths from u to i>. Since superconcentration implies 
that some part of the variance of / is concentrated on large sets, one sees that, 
informally, it is related to high complexity (or high non-linearity) of the function 
/. It is also related to some noise-sensitivity of the function. Indeed, there is a 
close link between the Walsh decomposition and a notion of noise introduced by 
[2] . Suppose that r and r' are two independent random variables with the same 
distribution P := ® eg£i 2 /x e - Let e €]0, 1[. One constructs a noisy version r £ 
of r by replacing with probability e, at random and independently for any edge 
e, the variable r(e) by r'(e). 

Proposition 3.3 For any f G L 2 (R El /2 ; p) ; 

E[/(r £ )|r] = ^(l- £ )l s l/ s (r), 

s 

and thus, 

Cov(/(r E ),/(r)) = ^(l- e )l s l||/s||I, 

To see another interpretation of sensitivity to noise, called chaos, see [7]. Con- 
trarily to what happens to the first passage percolation times, we are dealing 
with a random variable, the effective resistance, which should be extremely im- 
mune to noise. Indeed, one is able to adapt very smoothly the optimal flow 
when resistances are noised. Thus, the Efron-Stein inequality should always be 
sharp in this context, and this is what we shall prove in the following sections. 
We shall in fact prove much more in the context of current-homogeneous graphs, 
namely that the Walsh decomposition is concentrated not only on sets of small 
size, but already on sets of small diameter. 

Finally, to end the parallel between first passage percolation and effective 
resistance, note that there is a mean to interpolate between those two quantities. 
Indeed, let us define, for p £ [1,2]: 

U^(p)= inf 5>(e)|0(e)|". 

0:u— ¥v A — ' 

Then, K?' v (l) = T r (u,v) and TZ^ V {2) = Kp v . The quantity K?' v (p) is called 
the p-resistance between u and v. Since the distribution of the Walsh decompo- 
sition is dramatically different when p equals 1 or 2, it would be interesting to 
investigate the evolution of the Walsh decomposition of TZ^' v {p) when p varies 
continuously from 2 to 1. 

3.2 Concentration of the Walsh decomposition on low lev- 
els 

First, let us study the bound given by Efron-Stein inequality. 
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Lemma 3.4 For any e € 

TO 2 (e) 2 



A 4 



(e)) 4 ] < ||A e 7^1 2 < A 4 m 2 (e) 2 E[(t^(e)) 4 



Proof: Using Lemma 12.31 and inequality ([T]) , 



u.v 1 1 2 



> 



= E[(ft"'*(r) -n u ' v {r e ^ r ')f + ] , 

> E[(,(e)-r'( e ))^(C"(e)) 4 ], 

> ^EM^-r^e^l^tMf], 



m 2 {ef 
A 2 



E^^e)) 4 



^E[(^"( e )) 4 ] 



On the other side, 



HA^'l 2 



= E[{K U > V (r e ^ r ' ) -H u ' v (r))%] , 

< E[(r'(e)-r(e)) 2 + ^(e)r}., 

< A 2 E[(r'( e )-r(e)) 2 + ( l X 1 (e)) 4 ] 
= A 2 m 2 (e) 2 E[(z^ 1 (e)) 4 ] , 

< A 4 m 2 (e) 2 E[(z^ t '(e)) 4 ] . 



□ 

The following theorem shows that the Walsh decompositions of point-to-point 
effective resistances are uniformly concentrated (in terms of the L 2 -norm) on 
sets of small size. 

Theorem 3.5 There is a constant C(A) such that for any graph G and any 
pair of vertices (u,v), 



j2\s\ 2 \\nrf2<c(A)j2\\nr\ 

S 5#0 



Consequently, for any k > 1, any graph G and any pair of vertices (u,v) 

C(A) 



E »i2<^Eu*r 



S#0 



\S\>k 

Proof: Proposition 13.11 implies: 



Now, remark that for e^e': 

A e A e ,Tl u < v (r) = E \lZ u ' v {r) - TZ u - v (r e '^ r ') - TZ U ' V (r e ^ r ' ') + n u ' v {A e ' e '^') 

rr(e) /*r(e) 



= E 



r'(e) J r'(e) 



dl e ,n u ' v (r^ e '^ x ^) dxdy 
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Thus, 



||A e A e '7£ u 'li < Am 2 {efm 2 {e'f'& 



'\2n 



We deduce from Lemma l2~2l that: 



sup \dl e/ n u ' v {&> e '^ x > y) y 

(x,y)e[l,A] 2 



dee>K u ' v (r) = d e [i a r v {e')] 2 = 2i?> v (e')iy(e)^ e ^ 



r(e) 



Thus, Lemma 12751 shows: 



\\A e A e ,K u ' v \\l < C(A)m 2 (e) 2 m 2 (e') 2 E 



Thus, 



(CV)) 2 (C(e)) 2 



M(e')) 2 
(r(e)) 2 



(6) 



(7) 



e^e' 

Recall from (g]) that 



^m 2 ( e ) 2 m 2 (e') 2 ( J r(e')) 2 (C , '(e)) 2 ^^ 



r(e) r(e') 



Thus, for any r, 



(e,e') ^ m 2 (e) 2 m 2 (e0 2 (CV)) 2 (C>)) 2 



MM)) 2 
Me)) 2 



is a non- negative symmetric function on E 2 ^ 2 . This implies that for any r £ 
[1,A] E : 

J2 m 2 (e) 2 m 2 (e') 2 ^(e')) 2 (*r( e )) 2 f^ 



< 2 ]T m 2 ( e ) 2 m 2 (e') 2 W^(e')) 2 «^(e)) 2 



(e,e ) s.t. 
ICV)l<IC"(e)l 



MM)) 2 
(r(e)) 2 



< 2 £ m 2 (e) 2 m 2 ( e ') 2 (C(e)) 4 |g^ 

(e,e ) s.t. 
K' v {e')\<\i^[e)\ 



< 2(A^l)^m 2 (e) 2 (f"(e))^ 

e e' 

< 2(A-l)^m 2 ( e f(f( £ )) 4 ) 



MM)) 2 

Me)) 2 



where we have used the fact that: 



(»-(eQ) 2 < 7^(r) < J_ < t 
^ (r(e)) 2 ~~ r(e) 2 ~ r(e) ~~ 
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Thus, 

E ||A e A e ,7^H < C(A)^rn 2 (e) 2 E[^^(e)) 4 ] . 
Thus, using Lemma HTTTl 

S e,e' 



C(A)E|5|.||^ril2- (8) 



Then, for any k £ N*, 



E \smrwi < tEi^wiii. 



|S|>fc s 



C(A) 



- -f^E i5i.iiwrm, 



Thus, for every k > C(A), 



Y,\s\m v \\i<k e ii^riii+^E^-n^iii- 

S 0<|5|<fc S 



whence, for every k > 2C(A), 



S 0<\S\<k 



Notably, 

Ei5|.ii7erii2<2r2C(A)iEii^ni2 



S S#0 

Plugging this into inequality @ ends the proof. □ 

An easy consequence is that point-to-point effective resistances are uniformly 
stable to noise. 

Corollary 3.6 On any random network with i.i.d resistances, point-to-point 
effective resistances are uniformly stable to noise: 

inf Corr(K u ' v (r),1l u ' v (r e )) >■ 1 . 
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Proof: Let us fix u and v, and let / denote the function r H> 1Z u,v (r) 
Cov(/(r),/(r £ )) = ^(l-e)l s l||/ s || 2 , 

= Var(/)-£(l-(l- £ )l s l)||/ s || 2 , 

' 2 



> Var(/)-log-^^|S|||/s| 

1 — £ * — ' 

> Var(/) (l-C(A)lo, 



1 - 

This shows that Corr(72. u,t '(r), 7Z u ' v (r e )) tends uniformly (in u and v) to 1 when 
e tends to zero. □ 

A trivial consequence of Theorem 13.51 is that the Efron-Stein inequality, Corol- 
lary [X2J is always tight for point-to-point effective resistances. 

Corollary 3.7 There is a constant C(A) such that for any graph G and any 
pair of vertices (u,v), 

Var(K u < v ) < W A ^ u,v \\i < C{K)\lzr{K u ' v ) . 

e£E 1/2 

To finish this section, we shall recall the setting of the effective resistance 
through a box in Z d , which was described in the introduction. Let B n — 
{0, . . . ,n} d be equipped with random resistances r on its set of edges E„, and 
let us define A n = {x € B n s.t. x± = 0} and Z n — {x g B n s.t. x\ — n}. Then, 
consider the graph with vertex set B n , where all the vertices of A n are identified 
to a single vertex on one side, and all the vertices of Z n are identified on the 
other side. The effective resistance through the box B n is defined as: 

In 23 , it is shown that under some hypotheses on the distribution of the resis- 
tances, 

Var(C„) > Cn d - 4 , 
where C n = 1/1Z„. This bound translates into: 

Var(ft„) > Cn 4 - 3d . 

Using Corollary 13.71 it is easy to derive a similar bound in our setting. Let us 
call ir 7 n the unit current in the definition of lZ^ n ' Zrl . Using Lemma 13.41 and 
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Jensen's inequality twice: 



Var(ft„) > C(A) £ \\A e Tl n \\ 2 2 , 



eeE,, 



> C(A) ^(e) 2 E^ n ( 



eeE,, 



> 



C(A) ^ m 2 (e) 2 E[* 2 n ( e )] 2 



eeE„ 



= C(A)#(E n )— ^- ]T ™ 2 (e) 2 E[z 2 rl (e)] 2 
> C(A)#(E„) ^-^-y g m 2 (e)E[z 2 „(e)] 
'(A)#(E„) ||-^E[|_;r(e)^ n 



> C 
= C'(A) 



(e)] infm 2 (e) 



1 



[72.„] 2 inf m 2 (e 



#(E„ 

> C"(A)n 4 - 3d infm 2 (e) 2 , 

e 

which is essentially Wehr's lower bound. Notice that our assumption of elliptic- 
ity on the resistances is quite strong. Wehr's assumptions are different, but it 
allows resistances which are not bounded away from zero and infinity. However, 
it is easy to derive the result above with an assumption weaker than cllipticity, 
namely some properly chosen moment condition on r(e) and l/r(e). 

Finally, let us emphasize the fact that we are unfortunately unable to show 
that: 



E 



*r,n( e ) 



eGE,, 



< C.n 4 - 3d 



(9) 



Otherwise, we would obtain from Corollary 13.71 the correct order for the vari- 
ance of lZ n - Notice that ([9]) does not necessarily hold when the resistances are 
not supposed to have identical distribution. To understand why, let v r be the 
discrete harmonic function on B n \ (A n U Z n ) with value 1 on A n and on Z n . 
Discrete harmonic at x means that: 



Then, © is equivalent to: 
E 



d*(c.dv r )(x) = 



^ " eeE„ 



(10) 



When n goes to infinity, one may compare v r to a continuous analog. Let 
i c x)x£M d be a deterministic elliptic collection of conductance matrices. Let v be 
the function on [0, l] d with value 1 on {x s.t. X\ — 0}, on {x s.t. x\ = 1} and 
satisfying on (0, l) d : 

div(c.Vv) = . 
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The continuous analog of ([TU]) is the fact that Vw belongs to L 4 ([0, l] d ). How- 
ever, it is well known that this may be false if the ellipticity constant A is not 
close enough to 1. On R 2 , a counterexample is given in [TU], see the discussion 
after Proposition 1.1 therein. 

3.3 Further results for graphs with homogeneous currents 

We shall consider the graph distance, denoted by d, on V. Then, if e and e' 
are two edges in E, let d(e, e') be the maximal distance between two endpoints, 
one of which is in e and the other in e'. For any edge e and any collection of 
resistances r in [1, A] El / 2 , the flow i% belongs to t 2 _(E,r). Thus, 

r{e')(i* r {e>)f .0. (11) 

e' : d(e' ,e)>L 

Below, we shall be interested in graphs where the above convergence holds 
uniformly in e and r. We shall say that such a graph has homogeneous currents. 



Definition 3.8 Let G = (V, E) be a countable, oriented, symmetric and con- 
nected graph. Let A > 1 be a real number, and define: 

a(G,i,A) = supJ Yl r(e'){i e r {e')f s.t. eEE,re[l,k] E \ . (12) 

[e': d(e',e)>L J 

The graph G is said to have A-homogeneous currents if: 

a(G, L, A) > . 

L~ >+oo 

It is natural to expect that for every A and A' strictly larger than 1, G has A- 
homogeneous currents if and only if it has A'-homogeneous currents. However, 
we could not prove this. 

The first fundamental observation, due to Mickael de la Salle, is that for a 
fixed edge e, the convergence in (|11|) always hold uniformly in r, thanks to a 
compacity argument. The reasoning allows also to obtain some regularity of the 
functions r i— > i™' v and r h-> TZ u ' v (r) when [1, A] E is equipped with the product 
topology (it will not be used in the sequel) . 

Proposition 3.9 Let u and v be two vertices of G, and supose that {^jl)l>o is 
a sequence of finite connected graphs that exhausts G and such that Gq contains 
u and v. Then, 



(i) sup <^ V r(e')«'V)) 2 s.t. r e [1, A] B \ ► . 

(ii) If [1, A] E is equipped with the product topology and ^?_(E) with the strong 
topology, then the following maps are continuous: 

~ [i,Ap e_{E) r [i,a] b ^ r 

r i V %y \ r ^ Tl u > v (r) 
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Proof: (due to Mickael de la Salle). Let us fix u and v two vertices of G. 
We equip [1, A] E with the product topology. By Tychonov's theorem, [1, A] E is 
then a compact (metrizable) space. The function r i-> lZ u ' v (r) is an infimum of 
continuous functions on [1, A] E , and thus, it is upper semi-continuous on [1, A] E . 
Now, define: 



c:= lim supl V r(e')K'"(e')) 2 s.t. r G [1,A] J 

e'€G¥ 



One may find a sequence {rL)L>i in [1, A] E such that: 
c= lim ^ r L (e')(^V)) 2 . 

The sequence (i"^")z,>i is bounded in ^L(E) and [1,A] £ is compact, thus one 
may extract a sequence (rL k )k>i converging to some value r in [1,A] S and 
such that (i™' T v )k>i converges weakly (by Banach-Alaoglu's theorem) to some 

6 € ^.(E). Notice that the property of being a unit flow from u to v is closed 
for the weak topology in £_(E). Thus, 9 is a unit flow from u to u. Then, from 
the upper-smicontinuity of r i-> 7£"'"(r), 

1l u > v (r) > lim sup TZ u ' v (r Lk ) 

k— >-\-OC 



hmsup^r ifc (e')(^( e ')) 2 



fc— >- + oo 

= limsup ( £ ^(e')(i^(e')) 2 + £ r Lfc (e')(^ (e')) 2 

> limsup r Lk (e'){^{e')f + c 

> sup limsup ]T r Lk {e'){^(e')f + c 
= sup ^ r(e')(e(e')) 2 + c 

L ' e'€G t , 

= £r(e')(0(e')) 2 + c 

e' 

> 7e u '"(r)+c. 



This shows that c = and proves (i). 

Now, take any r in [1, A] E and some sequence (n,) converging to r. Again, 
one may extract a sequence {rL k )k>\ such that (i™'" )k>i converges weakly to 
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some 9 6 Pl{E) which is a unit flow from u to u. Then, 
ft"'" (r) > lim sup (ri, J > lim inf K u ' v (r Lk ) 



> hminf £ r Lk {e')(i^(e')f 

> sup lim inf £ r ifc ( e ')^(e')) 2 
= sup £ Ke')(^(e')) 2 

L ' e'£G L , 

= ^r( e ')(0(e')) 2 



Thus: 




Since i"'" is the unique minimizer of 9 m- r{e')9{e') over the unit flows from 
it to u, this shows at once that = i™' v and that !Z u,v (rL k ) converges to lZ u ' v (r) 
as fc goes to infinity. Since this is true for any subsequence {rL k )k such that 
(ir'" )k converges weakly, we deduce that i"^ u converges weakly to and that 
^"'"(rj,) converges to TZ u ' v (r). Thus, r h-> lZ u ' v (r) is continuous and r i-> z"'" 
is continuous if one endows ^_(E) with the weak topology. Furthermore, recall 
from section |2"7T1 that i™'" belongs to jf, defined in $L(E, tl)- Since d*(i^ — 
iy) = 0, i^ L v - i%> v is orthogonal in £ 2 _{E, r) to all the stars of £ 2 _(E, r). Thus, 

K>° - %<X L = E r L (e')(C V)) 2 - K a ' v (r L ) . 

e'eEi/2 

From the dominated convergence theorem, since converges pointwise to r, 
lim £ r L (e'W) 2 =W(r). 

e'£E 1/2 

Thus, 

lim 11*^-^1^=0, 

which shows that r H> i"'" is continuous if one endows £ 2 _{E) with the strong 
topology. □ 



Remark 2 In Provosition \3.(A the ellipticity hypothesis is used in a crucial way, 
whereas so far one could have imposed some properly chosen moment conditions 
on r(e) and l/r(e) instead. 

Corollary 3.10 Let G = (V, E) be a countable, oriented, symmetric and con- 
nected graph with automorphism group Aut(G). Suppose that G is quasi-transitive 
in the sense that E is composed of a finite number of distinct orbits under the 
action of Aut(G). Then, for any A > 1, G has A-homogeneous currents. 



20 



Proof: Fix some edge e in E and take to be the graph whose edges are all 
the edges of E at distance at most L from e and whose vertices are the endpoints 
of those edges. Then, from Proposition [333 

sup J ]T r(e'M(e')) 2 s.t. r e[l,A] E \ . 

[e': d(e',e)>L J °° 

The quasi-transitivity hypothesis implies that there are only a finite number of 
different values for: 

lim sup I V r(e')(^(e')) 2 s.t. r G [1,A] 

I e': rf(e',e)>L 

when e runs overs E. This implies that G has k-homogeneous currents. □ 



A consequence of Corollary 13. 101 is that 7L d has homogeneous currents. This 
can also be seen in a more robust way using the powerful tool of elliptic Harnack 
inequality. Indeed, let -Bi(e) be the vertices at distance at most L from e. 
Then, Y^die' e)>L r ( e ')(*r( e ')) 2 i s upper-bounded by the oscillation on B^{e) c 
of the votage induced by the flow i%. Since this voltage is a bounded function, 
harmonic on 1 d \ e, one may then show, using the Harnack inequality of [5] as in 
[T§] . section 6, that a(Z d , L, A) decays at least as quickly as a negative power of 
L. This argument can be carried out on any graph satisfying the conditions of 
[3] plus the additional condition that the annuli between i?i(e) and B^(e) are 
connected and may be covered by a bounded number of balls of radius L. For 
instance, this shows that any graph roughly isometric to Z d has homogeneous 
currents. 

Now, we end this section with an (artificial) example of a graph which does 
not have homogeneous currents. For any k £ N* let Tk be two copies of complete 
binary trees of depth k glued at the leafs. The result has two roots. Now, to 
construct our graph (see Figure [I]) , we start from N* , with the usual notion of 
graph on it, and for any k e N*, we do the following construction. We add Tk 
by glueing one of its root on the vertex xik '■= 2fc of N and call the remaining 
root x' 2k . Then, we add a copie T' k of Tk by glueing one of its root on the 
vertex a^fc+i := 2fc + 1 of N and call the remaining root x' 2k+1 . Then we join 
x' 2k and x' 2kJr i by an edge. We denote by G the resulting graph, let e2k ■— 
(x2k,X2k+i), e 2k := (x' 2k ,x' 2k+1 ) and equip this graph with unit resistances. 
Now, the resistance between the root and the leafs of a complete binary tree of 
any depth is at most 1/2. Thus, TZj^ k ' X2k , the resistance between x 2 fc and x 2k in 

the graph Tk is at most 1. Similarly, lZj?, k+1 ' X2k+1 is at most 1. Since resistances 

k 

in series add, one sees that: 

ir-(e' 2k ) ; ^ ^ > \ ■ 

n ^ 2k + r(e , fe) + n ^ + ^ k+1 ~ 3 

On the other side, the distance between e2k and e' 2k is 2k + 1. Thus, for any 
A > 1, and L>1, 

a(G, L,A) > J2 r ^r L ( e ')) 2 > (C 2L (4l)) 2 > \ ■ 

e' : die! ,e2L )>L 



21 



Whence G does not have homogeneous currents. 
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Figure 1: An example of a graph without homogeneous currents 



3.3.1 Concentration on sets of small diameter 

A small variation on the proof of Theorem 13.51 allows to obtain the following 
result, which shows that on graphs with homogeneous currents, the Walsh de- 
composition is concentrated on sets of small diameter. 

Theorem 3.11 For any graph G, any A > 1 and any L > 1. 



£ \\nr\\i<C(A)a(G,L,A)J2\\n V \ 

diam(S)>L S#0 



Proof: Let L be a positive integer. From inequality (J7J, one gets: 



Y, \\A e A e ,TZ u ' v \\l <E 

(e,e'): <2(e,e')>L 



£ m 2 (e) 2 m 2 ( e 2 (z-"(eO) 2 ( J -"(e)) 2 ^f 

d(e,e')>L I WJ 



Since "<i(e, e') > L" is a symmetric relation between e and e', one may argue as 
in the proof of Theorem 13.51 to obtain: 



(e,e'): d(e,e')>L VV e // 

< (A-l)^m 2 (e) 2 (i r(e)^ £ fS^ 

e e': d(e' ,e)>L V V " 

< (A - l) 2 a(G, L, A) £ m 2 (e) 2 (C») 4 . 



Then, taking expectation, Lemma VS. 41 and Theorem 13 . 5 1 lead to: 
]T ||A e A e ,ft">l! < (A - l) 2 a(G,L) £ \\ny\ 

d(e,e')>L S#0 
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Finally, notice that: 



£ ||A e A e ,7^l! = £ £ H^'ll, 

d(e,e')>L d(e,e')>L SDe,e' 

= £ £ 

S e,e'eS 
d(e,e')>L 



> E wi 

diarn(S)>L 



2 

2 • 



□ 



3.3.2 The first level carries a significant weight 

A corollary of Theorem 13. Ill is that on graphs with homogeneous currents, the 
first level of the Walsh decomposition carries a significant part of the L 2 -norm 
of the centered point-to-point resistances. 

Corollary 3.12 Suppose that G has A-homogeneous currents and degree bounded 
by 5. Then, there is a constant C(A, G) such that: 

En^;]iii < var(^) = e ii^nii < c(a,g)Eii^;]III 

Proof: Let us fix u and v two vertices of G, and let us drop the superscript u, v 
to lighten the notations. Since G has A-homogeneous currents, one may find L 
large enough (depending on G and A) so that: 

£M<2 E Ml- 

S#0 diam(S)<L 
S#0 

For L a positive integer, using Lemma 13.131 

E \\n s \\l < c(a,l) E EII^mII2, 

diam(S)<L diam(S)<L e£S 

= C(A,L)£ \\K {e} \\l#{S s.t. eeS and diam(S) < L} , 

eGE 

< C'(A,L,6)J2\\K { e}\\l. 

□ 



Lemma 3.13 For any p > 1, 

C 1 (A,p)m p (e)\\(ir(e)ni < < C 2 (A)m p (e)\\^r(e)) 2 \\i , 
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where: 

m p ( e ) = (E|r(e)-E[r(e)]| p ) 1/p 
For any S such that < |iS| < L. 



\lir\\p<C(A,L)J2\\K u 4\\p 



Proof: For any function F in L 2 (R El / 2 ) and any p > 1 . 

||F {e} ||£ = E[|E(A e F|r(e))H , 

E(F(r e "')-f(r)|r'(e)) P 



E(F(r e ^ r ') - F(r)\r(e).r'{e)) 



E(F{r e 



F(r)|r(e),r'(e))V (e)>r(e) 



= E 
< E 
= 2E 

Now, recall from ([T]) that: 

(Tl(r^ r ') - K(r))l r , (e)>r(e) < (r'(e) - r(e))+i 2 r (e) . 
Thus, using Lemma l2~3l 

||tt {e} ||* < 2E[^( e )(r'(e)-r(e)) + H, 

< C(A)Pm p (eFE[(E^(e)|r(e)H , 

< C'(A) p m p (e) p E(i 2 r {e)) p . 

On the other side, for any function F in L 2 (R El /2) and any p > 1 
\\F {e} \\* = E\E(F(r^ r ')\r'(e))-E(F(r)) 



> — E 
- 2p 

1 



-E 



2p-i 

Now, using ((TJ and Lemma [231 

X -E 



E(F(r e <~ r )|r'(e)) -E(F(r)|r(e)) 
(E(F(r e ^')|r'( e ))-E(F(r)|r( e )))" 



(E((/( e )-r(e)) +i 2( e )|r(e),r'(e))) P 



II^mIIS > 2; , i 

> m p (erC 1 (A lP )E\(E(z 2 r (e)\r(e))) p 



> 



m p {eyC[{k,p) (E^( e ))) J 



Finally, let S be such that < \S\ < L and let e E S. For a subset I C E, let 
Lj be the operator on L 2 (R El /2) defined by: 



Lif(r)= [ f(r) Y[dve(r(e)) 

eel 
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Notice first that for any function / in L 2 (R El / 2 ), 



fs(r) = E 



E 



IJ (l-i w ) A e /(r; 

v e'£S\{e} / 

E (-l) m i/]A e /(r 

v /CS\{e} / 



rs 



rs 



E 



£ (-l) |Z| ^(Ae/)(r 

/CS\{e} 



Thus, using Jensen's inequality, 

||/ s ||£<2^ e %[E(|A e /(r)| \ rs)P] 
Using |T]) and Lemma \2.3l 



E[E(|A e ft(r)| \r s ) p ] < 2 P E [e ( (ft(r e ^ r ') - ft(r)) 

< C(Afm p (e)fE[E(^( e )|r s ) p 

Ve'GS 

Since this is true for any e € 5, we have: 

Hftsllp < C(A) L mmm p {e) Vl^(e')] , 



e'eS 



< CfAl^mpfe'lE^e')] 

e'SS 

< C'(A,L)Ell^ } l 



ip ■ 



e'GS 



□ 



4 Central limit theorem 

Even if one takes two vertices u and v far appart, there is not necessarily a gaus- 
sian central limit theorem for the effective resistance between them, since the 
influence of an edge near u, for instance, may well represent a positive fraction 
of the total variance of the resistance. However, let us define the influence of 
an edge e on the effective resistance between u and v by: 

/"'"(e) := \\n u { <: } f 2 . 

Then, if the maximal influence of an edge is small with respect to the variance 
and if the graph has homogeneous currents and bounded degree, one may ob- 
tain a gaussian approximation. The following theorem shows a result in this 
direction, whereas another instance of this phenomenon will be described on a 
sequence of finite graphs, the discrete tori, in section [SJ 
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Theorem 4.1 Let G be a graph with homogeneous currents and bounded degree. 
For vertices u and v such that \/ar(7Z u ' v ) > 0, define: 

Bin v) = ^^"{e) 
PK,} Var(T^) ' 



K ' := [K u ' v - E{TZ u ' v )}/y/Var{n^) . 

Let $ be the standard gaussian distribution function and let F w ' v be the distri- 
bution function of TZ ' . There is a function f : M + — » [0, 1], depending on G 
only, such that: 

f{x) — > , 

x— >0 

and: 

\\F^-n°o<f(B(u,v)). 

Proof: Let us fix the vertices u and v. For every integer L, one defines J — J(L) 
as: 

J{L) = {S CE s.t. diam{S) < L and S ^ 0} , 
Let Wl be the random variable: 



Esgj(l) W^s Hi 

Since G has homogeneous currents, we know that for L large enough, Wl will 
be close (in L 2 -norm) to 7Z ' . On the other hand, since 1Z W S ' V depends only on 
(r(e)) ee g, we know that for every fixed L, Wl is a sum of random variables 
with only local dependence. Thus, one may use the work of [5] to control the 
distance to normality. 

To be more precise, let Fl be the distribution function of Wl- Using the 
notations of [8], it is easy to see that N(Cs) is included in the subsets of J(L) 
that lie at distance at most 7L from S. Thus, one may use Theorem 2.4 of [5] 
with p — 3 and n < S 8L where S is a bound on the degrees in G. We obtain: 



\F L - ®\\oo <S 



8L 2 EsgJ(L) ll^-s' II3 



(j2se.J(L) 1 1 ^s" II 2 



3/2 



Using Corollary 13.121 and Lemma 13.131 

EseJ(L) (EcGS Il^{e}ll3 



\F L -$\\oo < Ci(L,A,G) 
< Ci(L, A, G) 



3/2 

e£E Il' v { e }ll2 y ' 

EseJ( L) \S\ 2/3 E E es\\ne}\\l 



(E-r 11'^""" " 2 



(E eeE ll^lll) 



3/2 



< C[(L,A,G) E^M 11 ' 



(EeeEll^lll 



3/2 ' 



2G 



one gets: 

ll-Ft-Slloo < C(L)y/0(u,v) , 

where C(L) — C(A, G, L) is a positive non-decreasing function of L. 
On the other hand, Theorem 13. 1 II ensures that: 

\\TZ U ' V - E{K V < V ) - J2 n Tf < e{L)Vat{K u ' v ) , 

SGJ(L) 

where e(L) — e(A, G, X) is a positive non-increasing function of L which goes to 
zero as L goes to infinity. This implies: 

\\Tt l - v -W L \\ 2 <4e(L) . 



Notice that $ is 1-Lipschitz (in fact, l/v27r-Lipschitz), so for any 77 > and 
any teR 

F u ' v (t) - $(t) < F u ' v (t) - $(t + r)) +77 , 



< F"^(t)-F L (t + r/) + C(L)V^«) + r7, 

< P(W L - tT'" > 77) + C(L) tT) + t? , 

iir--^ L in + 

77 



< 

if 



Symmetrically, one gets, for any 77 > and any i S R: 

|F»'"(t) - $(t)| < ^ + C(L)V^) + »7 • 



Optimizing in 77 gives: 



It remains to optimize in L. Let Lq(x) = sup{i G N s.t. 3e 1 / 3 (L) > y / xC(L)}. 
Then, 

\\F* V to 1 ' 3 (Lo{0(u,v))) . 

Since LoC^) g° es to infinity as x goes to zero, f(x) :— 6s 1 ' 3 (Lq(x)) answers the 
Theorem. □ 

It is in general difficult to apply this result because it is difficult to bound 
f3(u, v). However, notice that the influence of an edge is always bounded. Thus, 
on a bounded graph with homogeneous currents, if the variance of 1Z U ' V goes to 
infinity as u and v move apart, one gets a central limit theorem. Notice that 
the last point is equivalent to showing that EE e (^r'"( e )) 4 ] g° es to infinity. It 
may be shown for instance that this is true on some wedges of Z 2 , using the 
idea of Nash- Williams inequality. For instance, let h(x) = x a with a < 1/3, let 
V = {(x, y) € 1? s.t. \y\ < h(\x\) and let G be the subgraph of 1? induced by V. 
Then, one may derive a central limit theorem for 1Z 0,V on G when the distance 
d(0, v) goes to infinity. Since this example is not quasi-transitive, one has to use 
the Harnack inequality to prove that the graph has homogeneous currents. 
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Notice also that already on Z 2 , the variance of the resistance is only of order 
1 (cf. 21 ), and thus one cannot expect a central limit theorem for point-to- 
point effective resistance when the resistances are i.i.d (since the influence of the 
edges near the source and the sink is of order 1). In this respect, the interest of 
Theorem 14. H is rather limited. However, one should rather think of it as a first 
step, with a clean statement, towards central limit theorems for resistances on 
sequences of finite graphs, as will be made clear in section [5J 

Remark 3 (Other divergence form equations) Let JC be the subset ofl 2 _(E) 
consisting of functions of compact support. Define, for any 9q £ K,, the following 
energy: 

TZ 9o (r) := inf{ ^ r(e)9 2 (e) s.t. 9 £ it (E) and d*6 = d*9 Q } . 

eGEi/2 

Whenu,v £ V and8o is a fixed finite path joining u tov, thenlZ e °(r) — lZ u ' v (r). 
It is easy to see that all the results of sections [31 and [7] extend to (TZ e °(r)), 
uniformly in 9$ £ IC. 

5 CLT for the effective resistance of the d-dimensional 
torus 

In this section, we investigate when n becomes large the effective resistance of 
the torus := (V^, E^) equipped with non-constant i.i.d resistances on [1, A]. 
Here, = (Z/nZ) d and is the traditional set of edges of the torus: 

E^ = {(x, y) £ V^xV^ s.t. 3i € {1, . . . , n} x t -y, £ {-1, 1} and Vj ^ i, x 3 = Vj } . 

One chooses also exactly one edge of each orientation as follows: 

E i/2 = {( x : !/)e v f x v « s.t. 3i £ {1, . . . , n} jfc - n = 1 and Vj ^ i, x 3 = y 3 ] . 

Since has no natural border, our first objective is to define the effective 
resistance in a natural and translation invariant way. First, we define a special 
cut along direction 1 (see Figure [2]) : 

E := {(a;, y) £ E" /2 s.t. x ~ y, x x = and y x = 1} , 

and the flows which cross the torus along direction 1, with intensity 1: 

Q r o := {9 £ £(E? /2 ) s.t. d*9 = and ^ 9(e) = 1} . 

e£E 

Notice that the elements of Oq are sourceless flows and that the definition 
is translation invariant. Indeed, if we define, for any i in {0, . . . ,n — 1}: 

Ei := {{x, y) £ x Vf t s.t. x ~ y, x x = i and y x = i + 1} , 

then, for any i and any 9 £ ^.(E™^), we have: 

$3%)- E ( e )= E d * e ^)- ( 13 ) 

e£Ei e(zEi — i x s.t. Xi=i 
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Figure 2: The cut Eq on a 2-dimensional torus. 



Thus, for any sourceless flow 8, J2 e eE ^( e ) ec l ua l s 1 if an d only if J2 e eEi ^( e ) = 1 
for some i in {0, . . . , n — 1}. Thus, for any translation r on the torus, 

e e e£ 6» o r e eg . (14) 

Definition 5.1 One defines the effective resistance of the torus as: 

^-^eUEK^Ce)}. (15) 

e 

Using the Nash- Williams inequality, it is easy to show that 1Z„ = 0(1/ n d ~ 2 ). 
Using the ideas of the preceding sections, one may show that lZ n satisfies a 
central limit theorem. This is the main result of the present paper. 

Theorem 5.2 Suppose that r(e), e € E"y 2 are i.i.d with positive variance and 
support in [1, A] for some A > 1. Then, 

Var(ft„) = 6(n 4 - 3d ) , 

and the resistance satisfies a central limit theorem: 

V / Var(7e„) ™ 

It is straightforward to show that a similar statement holds for what should 
be called the effective conductance of the torus T^, C n := l/lZ n or the mean 
conductivity of the torus T^: A n = n 2 ~ d C n . One obtains: 

Var(A„) = Q(n- d ) , 

and: 

VVar(A0 «^°° 

In [3], the definition of A„ is different, based on the discrete cube and not on the 
torus, however the behaviour should be the same. [3] obtains only suboptimal 
bounds for the variance of the mean conductivity. In [12] , an optimal bound 
on the variance is obtained for a related quantity based on the corrector of 
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homogenization theory. Again, the behaviour should be the same. In any case, 
the central limit theorem is new. 

Our strategy to show Theorem l5.2l is simply to apply the ideas of Theorem l4.ll 
to this setting, where the infinite graph is traded against a growing sequence 
of finite graphs. First, notice that there is a unique minimal flow reaching the 
infimum in the definition of the resistance. 

Lemma 5.3 The infimum in hi 5)) is attained at a unique flow i% e £. Define the 
following tangent vector space to 0q : 

G) := {9 e £(E 1/a ) s.t. d*9 = and ^ 0(e) = 0} . 

e<£E 

Then, i^ is caracterized ( among flows in 0q ) by the following pseudo-Kirchhoff 
cycle laws: 

V/lG^, (M?,n)r =0 • 

Proof: Since the function 9 h- > £ r (8) is a norm and Oq is closed and convex, 
the infimum is unique and attained at some flow i pe „. Then, for any h in and 
any e G K, i% e £ + eh belongs to Oq and: 

£ r (f r % + eh) = £ r ^%) + 2eJ2 r(e)h(e)i^(e) + e 2 £ r (h) . 

e 

Thus, letting e go to zero, one sees that: 

V/i G (h, i p r %) r = . 

And conversely this condition is enough to caracterize It shows also that 
i v T e ^ is unique since for any 9 € Oq , 6 — € and: 

e r {6) = £ r {i p r %) + e r {e-i r , n ) . 

□ 

Since the minimal flow is sourceless but satisfies the additional condition that 
the net flow through Eq is 1, one needs to adapt the setting of the first sections 
in order to prove Theorem 15.21 For any e € E"^ 2 , let 

0" := { unit flows 9 from e_ to e+ s.t. $( e ') = leG-Bol 

e'£B 

From (|13[). one sees that for any unit flow 9 from e_ to e + , and any i, 
O(e') = + lee* - Wo ■ 

e'eEj e'eE 

Thus, one sees that for any translation r on the torus, and any edge e, 

9 £&^9ot ee™- 1{e} . (16) 

Then, one may show as in the proof of Lemma 15.31 that 9 t— > £ r {9) has a unique 
minimizcr on 0™, that we shall call j% n , and which is characterized by the same 
pseudo-Kirchhoff cycle law. The role of j* n will be similar to that of v% in the 
first sections, as hinted by the following lemma. 
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Lemma 5.4 The functions r \— > i pe ^(e), for any edge e, and r i— ► lZ n (r) admit 
partial derivatives of all order. In addition, for any edges e, e' , 

Aperl l\ pert l\ 

ft) Ve' * e, d e n?Z(e) = ^j^f r ,M = ^4^^') ■ 

r(e') : r(e) 

i per (e) 

(ii) Ve, d e i^(e) = JZ£J-(j° n (e) - 1) . 
(Hi) Ve, d e K n (r) = {i p %{e)) 2 . 

Proof: The fact that r i— > i pe ^(e) and r i— > TZ n (r) admits partial derivatives of 
all order is analogous to the classical case, cf. the proof of Lemma 12.21 

Let us fix some edge e' € E™^ 2 . One may thus differentiate the node law and 
the pseudo-Kirchhoff cycle law of Lemma T5. 31 with respect to r(e'). to obtain: 

VzeGr, d*[d e ,i p %](x)=0, 

and 

/ i per (e') \ 

Vhee, Yl MeMe) (d e n^(e) + J^ Xe ,( e )J - . 



Thus, if we define: 

we see that: 
and, 

Furthermore, 
and: 



i per (e') 

e(e)=d e ,i p %(e) + ^^xe>(e), 



Vx e', d*Q(x) = , 
V/i e (h, 6) r = 0. 



d*9{e'_) = 



r(e') 



It follows from the characterization of j% n that: 

= — : 7 

r(e') ■ yr '" 

This gives the proof of the first two equations. The proof of the last one is 
analogous to the classical case, cf. Lemma |2~21 □ 

When n is large, we would like to compare j* n to a flow on the whole lattice 
Z d . To do this, we shall couple the network (Z d ,E d ) with all the tori as follows. 
This construction will be used throughout the section. 
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We shall identify all the set of edges E d , equipped with their resistances, as 
subsets of K d . First, fix e to be any edge such that e_ is the origin of 7L d . Let 
r G [1, A] El /2 be a fixed collection of resistances and define: 

V„ = {-Ln/2j,...,L(n-l)/2j} d 

E i/2 = {( x > V) e v « x z<i s - t - 3« € {1, . . . , n} y t -Xi = l and Vj ^ i, = y^} . 

Now, we let G v ^ r be the network with edge set E™^ 2 , resistances induced by r 
and set of vertices all the endpoints of the edges of E™, 2 with periodic condition, 
i.e vertices with identical coordinates modulo n are identified. Clearly, G^ er is 
isomorphic to T„, and we shall thus use the notations Eq, 0™, Og and on 
GP er as well. 

Lemma 5.5 Let e be any fixed edge such that e_ is the origin of 7L d . Let i e r be 
the minimal current on 7L d from e_ to e + , then j% n converges to i e r in t 2 _ (E d , r) . 

Proof: We let be the network induced by the set of vertices V n . Also, 
we define G^( be the network obtained from Z rf by identifying all the vertices 
outside {-\n/2\ + 1, . . . , [(n - 1)/2J } d . See Figured 




i 1 1 
-1 1 



5 5 



1 m- 



s- 
-1 l 



- a - a- - 
1 1 



Figure 3: The three graphs G£ er , G^ and G^ when n = 3 and d — 2. Squares 
are identified as a single vertex, while empty circles are subject to periodic 
identification modulo n. 



Now, let ir n (resp. *kf l er ) be the linear subspace of £t(E^ 2 ) spanned by the 
stars of Gjf (resp. G£ er ) and ^„ (resp. <C>^ er ) the linear subspace spanned by 
the cycles of G^ (resp. GJf r ). Then, for any n, 

★n C *r and <> n C n{/?£ £(E? /2 ) s.t. ^ 9(e) = 0} . 
If one defines: 

eG-Eo 

then is the orthogonal projection in ^(E™y 2 ,r) of Xe on H„ = Q^. Notice 

that it is a flow between e_ and e + on GJf" but not necessarily on Z d . The 
inclusions above give: 

W n 

n ' 

Let -A - (resp. 0) denote the closed linear subspace spanned by stars (resp. 
cycles) in £t(Ky 2 ,r). Recall (cf. section l2~Tj) . that P*„Xe (resp. P^±Xe) 
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converges to if. — P+Xe, the minimal current on Z d from e_ to e + (resp. i^' e = 
P<} ± Xei the free current on Z d from e_ to e + ). But on 1 d 1 currents are unique, 
and one other way to say it is to say that -A - = Q . As a consequence, (j% n ) n >i 
converges also to if, the minimal current on Z d from e_ to e+. □ 

In order to adapt the notion of graphs with homogeneous currents to this 
setting of sequences of finite graphs, define: 

a(d, L, A) := sup sup sup ^ r(e'){f rn {e')) 2 . 

n >t re^Af 1 ' 2 e£T " d(e',e)>L 

Proposition 5.6 The d- dimensional discrete tori have homogeneous currents 
in the sense that for any A > 1, 

a(d,L,A) ► . 

L— >-\-oa 

Proof: We will adapt the proof of Proposition 13.91 using the convergence of 
jr n given by Lemma 1531 Let V = Z d and E = E d . 

Let ex, ■ ■ ■ , &d be the d edges going from to some point of non- negative co- 
ordinates. Thanks to the translation property (|16l) . one has, for any translation 
r on the torus: 

-r(e) -e 

^ror- 1 ,!! ° T — Jr,n • 

Thus, 

a(d,L,A) := sup sup sup ^ r(e')(j^ n (e')) 2 . 

n>l ee{e u ...,e d } re[ i !A ] E l/2 d(e , e) y L 

Let e be any fixed edge such that e_ is the origin, and define: 

c:= limsupsup sup ^ r ( e ')(j'r,n( e ')) 2 • 

L^oo ™>l re[ i,A] E i/2 d(e , e) > L 

It is thus enough to prove that c = 0. Notice that when n is fixed, 
limsup sup r ( e ')(jr,J e ')) 2 = ■ 

L ^°° re[l,A] E i/2 d(e ,, e) > L 

Thus, one may find a sequence {ri,,nL)L>i in [1, A] El / 2 x N such that: 
c= lim J2 rMUh,r*V)) a > 

L—toc * — ' 

d{e',e)>L 

and til > +oo. The sequence jl is bounded in £ 2 _(E 1 / 2 ). Thus, by 

L->oo 

compactness of [1, A] El / 2 and weak compactness of balls in £ 2 _(E 1 / 2 ), one may 
extract a sequence from (tl, til)l>x, that we shall still denote by (rj,, n£,)i,>i 
to lighten the notations, such that (j^ nL ) l converges weakly to some 9 £ 
•^-(Ei/2), and converges to some r £ [1, A] El / 2 . Notice that 6 is a flow on 
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the whole lattice Z d since for any n, (j£ L Hl )l is a unit how on G^ er . Using the 
minimality of i%, 

£r{i e r ) < £r(0), 

= £ r( e ')0 2 (e'), 

e'eEi/a 

< limSUp E r L( e ') (jr L ,n L ( e ')) 2 

L ^°° \d(e',e)<L 



limsup [ £ rL (j* L>nL ) - E r L(e')(jr L ,n L ( e ')y 

d(e',e)>L 



L 



< limsupf rz ,(j, e iint ) - c , 

< lim sup £ rL (j* nt ) - c , (17) 

where in the last inequality we used the minimality property of nL . Now, 
using Minkowski's inequality, 

£rM,n L ) = E r L (e>)(f r!nL (e')) 2 , 

e'eEi/a 



< / E r L (e')fe(e')) 2 + /A ^ (jW(eO-^(e')) 2 

\ye'eEi/ 2 y e'eEj/2 

Since (tl)l>i converges simply to r and is bounded by A, the dominated con- 
vergence theorem gives: 

E r L (e'M(e')) 2 > £ T (i%) , 

e'eEi/ 2 

Lemma 1531 savs that (j'r ni )i>i converges to i% in £?_(Ei/ 2 )- Thus: 

lim Sup £ rL {jr, nL ) < £r{i L r) ■ 

L^QO 

Plugging this into (|17l) shows that c = 0. □ 
Now, one may complete the proof of Theorem 15.21 

Proof: of Theorem 15.21 With Lemma [5^1 at hand, it is easy to reproduce the 
proofs of Lemma l2.3[ Corollary 13. 121 and Theorem l3. 1 II with a(G,L, A) replaced 
by a(d, L, A). One obtains notably the existence of constants C(A) and C(A, d) 
such that for any n, and any L > 1, 

E MKnMl < C(A)a(G, L, A) E ll(^n)s||3 , 

diam(S)>L S^0 

and 

E ll(tt»){e}lla < Var(^„) = E HfaOslla < C(A, d) E ll(^n) {e }||I ■ 

e S#0 e 
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Now, thanks to the translation invariance of the model given by ([T4")) and the 
fact that the edge-resistances are i.i.d, 

|| (72- ra ){ e > Hi / d\ 

P n := sup sup - ^' = e(l/n a ) , 
n eeE™ /2 var(l<- n ) 

and, 

sup E[^(e)) 2 ] = e(^E(TZ n )) = 6(^) . 

c 1/2 

This already shows that: 

Var(^„) = 6( sup E[^( e )) 2 ] 2 ) = ©(-il) • 

Ltl= l/2 

Now, Proposition [OH allows to repeat the proof of Theorem 14. II Let F n be the 
distribution function of E ( TC ") _ Q ne obtains the existence of a function f 

having limit at + and such that for any n, 

- *||oo < f(Pn) ■ 

This concludes the proof of the central limit theorem. □ 



6 Perspectives 

We end this article with some questions left open. 

First, it is not clear whether the notion of homogeneous currents is really 
useful to get a central limit theorem. For instance, in the counterexample of 
Figure [TJ one sees that the currents i% still spread most of their mass at very 
localized places, namely near e and near the edge e' k which is in the same 
connected component as e. Thus, one should be able to adapt the proof of 
the central limit theorem in this special case. One may conjecture that only 
bounded degree and small influences are enough to get a central limit theorem. 
On the other hand, if the homogeneous currents hypothesis is proved really 
necessary, it would be important to understand which graphs satisfy it, and 
whether it is stable under perturbations like quasi-isometries. 

Second, the most obvious question left open is the one raised in the intro- 
duction, that is to determine the order of the variance and to show a central 
limit theorem for the resistance on the cube of side length n in Z d , and not 
only on the torus. More generally, consider a domain 57 of K d with two disjoint 
subsets of its boundary, A and Z. Let G„ be the graph induced by f2 PI ^L d and 
let lZ n be the effective resistance between A and Z on G„ . Then, we conjecture 
that a Gaussian central limit theorem holds for lZ n . 
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A Proofs of section 3.1 



A.l Proof of Proposition 13.11 

Let us first suppose that E1/2 is finite. Then, Proposition 13. II is well known, cf. 
[6], but we shall quickly recall the proof for the sake of completeness. 
For a subset S c E^, let L$ be the operator on L 2 (R El / 2 ) defined by: 

L S f(r) = / f(r) J] d »e{r(e)) . 

Let 1 denote the identity operator. Notice that £{ e } and £{ e '} commute for any 
e and e'. Since A{ e /j = 1 — £{ e }, 

1 = [] (A {e} + L {e} ) = J2 L s<U A M • 

eCE SCE eeS 

Since 

SCE eCS 

this shows that fq, = E 1 / 2 E(f) and / = J2sce 1/2 fs- Now, remark that for any 

e, 

L e A e = . 

Thus, for any S and any e G S, 

Lefs = • 

This implies that A e f = ^2 S3e fs- Now, if S 7^ S', suppose for instance that 
there is some e£ S\ S': 

Ei/2E[fsgs>] = L El/2 (/sffS') = L El/2 L {e] (f s gs>) = L El/2 (g s ,L {e} (f s )) = . 

Now, let us suppose that E 1 / 2 is countable, and fix some exhaustion E n of 
the edges: E n is finite for any n, E n C E n+ \ and E x / 2 = ^> n E n . Denote by /„ 
the conditional expectation of / with respect to fB„- We have: 

fn = Le^J 

and thus, 

(fn)s = fsl S CE n , (18) 

which implies: 

/„ = fs ^d ||/ n ||| = Y, IIMI2 ■ 

ScE n SCE n 

Since (/„) n6 n converges to / in L 2 , we know that ||/ n ||2 converges to ||/|||- Thus, 
Y] s fs converges normally to / in L 2 and for any S. All the other properties 
can then be derived from (TT 
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A. 2 Proof of Proposition 13.31 

Let r and r' be two independent copies of law P. Let S e be the (possibliy 
infinite) random subset of E drawn at random as follows: (l ee s e ) e6 Ei /2 are i.i.d 
with distribution Bernoulli of parameter e £ [0, 1], independent of (r,r'). Now, 
we define the following linear operators from L 2 (R El /2) to L 2 (M E i/2 x M El /2) : 

Then, the noisy version of f(r) may be written as: 

/(r e ) = II U Uf{r) ■ 



e£S E 



Notice that: 



Thus, 
Whence: 



Ve ^ e \ L {e} L W} = L {e>}L r { e} 

Ve, L r {e} L {e} = L {e} , 

Ve, L {e} L\ e} = L\ e} . 



L \e} A e - L \e} ~ L {e} 



/(O = E U L t}fs(r), 

= E U L UE L ME A ^h 

SCE 1/2 eeS e eeS c eeS 

= e n% n (£«-£{.}) n a ^«- 

SCE 1/2 e£S c e£SllS E e£S\S e 

Now, denote by L'r, the operator on L 2 (R El / 2 x R El /2) which integrates r'(e). 
Notice that: 

L' {e} (L\ e} - L {e} ) = and L[ e} A e = A e . 

Then, 

E[f(r^\r,S E ] = J] L' {e} ((r,r')^/(r £ )), 

eSE 1/2 

= E II L M II A e /(r)l SnSe=0 , 

ScE 1/2 eGS c eeS\S s 

= e n i wiiMf)ifflis.=( • 

SCE 1/2 e6S<= e£S 



Thus, 



E[/(r £ )|r]= £ / s (r)P(SnS e = 0) = ]T (1 - e) |5| /s(r) . 

■SCEi/2 SCEi/a 



37 



References 

[1] M. Benai'm and R. Rossignol. Exponential concentration for first pas- 
sage percolation through modified Poincare inequalities. Ann. Inst. Henri 
Poincare Probab. Stat, 44(3):544-573, 2008. 

[2] I. Bcnjamini, G. Kalai, and O. Schramm. Noise sensitivity of Boolean 
functions and applications to percolation. Publ. Math. I.H.E.S., 90:5-43, 
1999. 

[3] D. Boivin. Tail estimates for homogenization theorems in random media. 
ES AIM Probab. Stat, 13:51-69, 2009. 

[4] D. Boivin and J. Depauw. Spectral homogenization of reversible random 
walks on Z d in a random environment. Stochastic Process. Appi, 104(1):29- 
56, 2003. 

[5] B. Bollobas. Modern graph theory. Springer, 1998. 

[6] J. Bourgain. Walsh subspaces of IP -product spaces, pages IV.1-IV.9. 
Seminaire d'analyse fonctionnelle de l'ecole Poly technique. Palaiseau, 1979. 

[7] S. Chatterjee. Chaos, concentration, and multiple valleys. ArXiv e-prints, 
October 2008. 

[8] L. H. Y. Chen and Q-M. Shao. Normal approximation under local depen- 
dence. Ann. Probab., 32(3A):1985-2028, 2004. 

[9] T. Delmottc. Incgalitc dc Harnack elliptique sur les graphes. Colloq. Math., 
72(l):19-37, 1997. 

[10] T. Delmotte and J.-D. Deuschel. On estimating the derivatives of symmet- 
ric diffusions in stationary random environment, with applications to V</) 
interface model. Probab. Theory Related Fields, 133(3) :358-390, 2005. 

[11] B. Efron and C. Stein. The jackknife estimate of variance. Ann. Statist., 
9(3):586-596, 1981. 

[12] A. Gloria and F. Otto. An optimal variance estimate in stochastic ho- 
mogenization of discrete elliptic equations. Ann. Probab., 39(3):779-856, 
2011. 

[13] H. Hatami. A structure theorem for Boolean functions with small total 
influences. Annals of math., 176(l):509-533, 2012. 

[14] V. V. Jikov, S. M. Kozlov, and O. A. Oleinik. Homogenization of differential 
operators and integral functionals. Springer- Verlag, 1994. 

[15] G. Kirchhoff. On the solution of the equations obtained from the investi- 
gation of the linear distribution of galvanic currents. IRE Transactions on 
circuit theory, 5(1), 1958. 

[16] S. M. Kozlov. Average difference schemes. Mat. Sb. (N.S.), 
129(171)(3):338-357, 447, 1986. 



38 



[17] R. Kiinnemann. The diffusion limit for reversible jump processes on Z d 
with ergodic random bond conductivities. Comm. Math. Phys., 90(1):27- 
68, 1983. 

[18] R. Lyons and Y. Peres. Probability on trees and networks. Cambridge 
University Press, 2012. In preparation. Current version available at 
http : / /mypage . iu . edu/~rdlyons/ 

[19] J. Moser. On Harnack's theorem for elliptic differential equations. Comm. 
Pure Appl. Math., 14:577-591, 1961. 

[20] E. Mossel. Gaussian bounds for noise correlation of functions. Geom. Funct. 
Anal, 19(6):1713-1756, 2010. 

[21] A. Naddaf and T. Spencer. Estimates on the variance of some homogeniza- 
tion problems. Unpublished., 1998. 

[22] G. Papanicolaou and S. Varadhan. Boundary value problems with rapidly 
oscillating random coefficients. In Random fields, Vol. I, II (Esztergom, 
1979), volume 27 of Colloq. Math. Soc. Jdnos Bolyai, pages 835-873. North- 
Holland, Amsterdam, 1981. 

[23] J. Wehr. A lower bound on the variance of conductance in random resistor 
networks. J. Statist. Phys., 86(5-6):1359-1365, 1997. 



39 



